BRX-TH664, CALT 68-2906 



PM = EM : Partially Massless Duality Invariance 
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In d = 4 de Sitter space, novel conformally invariant photon-like theories consistently couple to 
charged matter. We show that these higher spin, maximal depth, partially massless systems enjoy 
a Maxwellian, "electric-magnetic" duality. 



INTRODUCTION 



The notion of duality invariance. 
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is almost coeval with Maxwell's equations themselves, al- 
though a proof of its validity awaited over a century [ll,[2l- 
In addition to countless generalizations of "duality" in 
field and string theory, it has led to an enormous variety 
of more precise analogs, in particular to spin 2 [3, [3], then 
to all free massless (integer or half-integer) spin s > 
systems in flat space [3| 

In de Sitter (dS), electromagnetic (EM) interactions 
can be mediated by generalized Maxwell systems 6]. 
These are the maximal depth partially massless (PM) 
fields of 0, Q which enjoy many characteristics of EM 
such as lightlike propagation gau ge i nvariance 
conformal invariance [lOj and stability 11|. Unlike EM, 
these PM models describe higher spin s propagating he- 
licities ±s, . . . , ±1 Q. Here we show that they also enjoy 
duality invariance, whence our title. 



the first order Maxwell action just reduces to 



S[E,A-K] 
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(2) 

Here E and A, are transverse by virtue of the Gaufi con- 
straint, e.g., A = Af, diAj = 0, and labels " J " are 
henceforth dropped. Also B{A) denotes V x ^; for trans- 
verse V we have B(V -xV) — —AV. 

Duality invariance is now exhibited as being a canon- 
ical transformation interchanging (with a helicity twist) 
the conjugate {E,A) pair, while leaving S{E,A;h) un- 
changed, but rotating {E,B). Infinitesimally, 

5E = B{A) , M = V X (A-^E) =^ dB{A) = -E . 

(3) 

[Spatial non-locality is of course allowed.] Invariance 
of ^ under ([3]) is nearly manifest: The kinetic inte- 
grands' variations are easily seen to be total derivatives- 
of the form V ■ V x V (basically F*F, in covariant lan- 
guage) up to possible but harmless Coulomb ~ |r — r'| 
factors, while the Hamiltonian's {E'^ + B^} is the very 
embodiment of rotation invariance. 
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dS MAXWELL DUALITY 

For Maxwell systerns, duality in dS (or even generally 
curved) backgrounds [19[ is formally obvious in a covari- 
ant form notation, F — >■ *F: it just interchanges the 
Maxwell equations with the Bianchi identity, 

5F = = dF, 

where d = -kd*. To establish the symmetry correctly, 
that is within the action principle in dS, we could simply 
appeal to the conformal invariance of the four dimen- 
sional Maxwell theory in order to employ the flat space 
proof of [H, For our purposes, an explicit dS proof is 
needed for our generalization to PM. In the particular dS 
coordinate frame 



ds^ = -dt'^ + exp {2y 



(1) 



PM SYSTEMS 

PM systems originate from free mass m fields prop- 
agating in de Sitter (dS) backgrounds (A > 0) for 
which special m : A tunings yield additional gauge in- 
variance (s) 0, SIj thereby eliminating one or more lower 
helicity components from the, unavoidable in flat space, 
(2s + 1) total. For maximal depth PM systems, the helic- 
ity zero excitation is thereby removed, leaving only helic- 
ity ±(s, . . . , 1) modes. We simply write the final form of 
their (gauge-invariant) actions when all constraints are 
solved. [This is the critical step that requires source- 
less fields: in the original Maxwell example, B is identi- 
cally transverse (V • B = 0), so duality rotation is only 
well-defined (let alone an invariance) when the electric 
field is likewise transverse, with vanishing longitudinal- 
Coulomb component. This is also why zero mass is re- 
quired in flat space.] Reduced PM actions in terms of 
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transverse-traceless (TT) tensors were first given in Eq. 
(29) of [nj for PM spin 2 or Eq. (24) of [3 for arbi- 



trary s, maximal depth PM fields: 



; A] , where S[p, q; A] := 



^ t 2 
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(4) 



Here the sum over e runs over the helicities 1 , . . . , s of a 
(maximal depth) partially massless field and thus avoids 
the dangerous helicity zero mode. All indices are suitably 
contracted in each helicity's action and B{q) := V x g 
denotes the "magnetic" field, namely the symmetrized 
curl 0, [H 



TT 
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(5) 



Note that (only) in dimension rf = 3 + 1 do the tensor 
ranks of each B{ip) still match those of their potentials, 
and so of their corresponding "electric" companions tt. In 
what follows, the (easily verified) identity for transverse- 
traceless tensors 

B{Vxq) = -Aq, 

will play an essential role. 

In the dS coordinates ^ used in [13, 11|, the only 
metric dependence of the action (|4]) is through A. Note 
also, as shown in 
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although the Hamiltonian in 
is neither time independent, nor manifestly positive, the 
generator of time translations, constructed from the com- 
position ^'^T^ii/ of the timelike, dS Killing vector and 
the stress energy tensor T^^^ [l6|, is both conserved and 
positive within the intrinsic horizon. 



PM DUALITY 

We now generalize the above scheme to PM. The essen- 
tial point is that the duality rotations occur separately 
within each helicity sector. The key maneuver, there- 
fore, is to bring the action S\p,q;A] displayed in dU to 
the manifestly duality invariant form S[E,A;A] of ([2]). 
This is achieved via the field redefinition 



E 



P 



A 



The proof that duality invariance is a canonical transfor- 
mation is now identical to that of the dS Maxwell theory 
given above, save that the vector curl is replaced by its 
higher rank symmetrized counterpart in ([5|). PM's du- 
ality rotation invariance is, like Maxwell's, traceable to 
conformal invariance. 



SUMMARY 

We have explicitly established the (extended) duality 
invariance of maximal depth PM systems. Noting that 
our models live in dS, one might speculate on their pos- 
sible cosmological relevance: to the extent that such PM 
fields might be present, their radiative interactions could 
have consequences in the corresponding era. However, 
their coupling to charges are sufficiently unusual Q that 
we have not yet tried to investigate this topic. 
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